Abstract. Let R be a ring satisfying the maximal condition on annihilator left ideals and a be an automorphism of R. We show that the Jacobson radical of the skew polynomial ring R" [.x] is nonzero if and only if the prime radical of #"[x] is nonzero. Furthermore, it is so if and only if the prime radical of R is nonzero. In general, an example is given of a commutative semisimple algebra R and an automorphism o such that R"[x] is prime but the Levitzki radical of R"[-x] is nonzero.
and a be an automorphism of R. We show that the Jacobson radical of the skew polynomial ring R" [.x ] is nonzero if and only if the prime radical of #"[x] is nonzero. Furthermore, it is so if and only if the prime radical of R is nonzero. In general, an example is given of a commutative semisimple algebra R and an automorphism o such that R" [x] is prime but the Levitzki radical of R" [-x ] is nonzero.
0. Introduction. Let R be a ring and a an automorphism of R. In this paper we study the semisimplicity of the skew polynomial ring Ra [x] , and that of the skew group ring Ra (x ) of the infinite cyclic group.
If R satisfies the maximal chain condition on annihilator left ideals, then we prove that the conditions: (i) J(Ra(x))^0,
(ii) J(Ra[x])^0, (iii) P(R)¥=0, (iv) P(Ra(x)) ¥= 0, (v) P(Ra[x\) ¥= 0, are equivalent (Theorem 2.1). In general, we construct a commutative semisimple algebra R and an algebra automorphism a where we prove, using Van It is said to be o-nilpotent of bounded index if we can find a common integer n such that the above equality is satisfied for all natural integers m, and the least such n is called the o-nilpotency index of r. An ideal I of R is said to be o-nil if a(I) = I and every element of / is a-nilpotent. Proof. To prove the theorem we first show that (1) => (2) => (3) => (4) => (5) =» (6) => (1), and then we show that (6) => (7) => (2).
(1) => (2). This result follows from [1, Theorem 3.1].
(2) => (3). If J(Ra[x]) then the ring R has a nonzero a-nil ideal. (3) =» (4). Let / be a nonzero a-nil ideal of R. Assume / is not nil and choose r in / such that r is not nilpotent. We claim that there exists n > 1 such that ro"{r) ^ 0. Let us suppose that ra"(r) -0 for all natural integers n. Define Thus rRo"(r) = 0 for all integers n. Now, observe that rRa{x)r = 0. Hence P(Ra(x)) is nonzero.
(6) => (1). This is clear. (7) =* (2). This is clear.
3. An example. In this section, we give an example of a commutative semisimple algebra R and an automorphism a such that Ra[x] is prime but the Levitzki radical of Ra[x] is nonzero. In the construction of the example we use the result:
Let G(k, m) denote the least integer such that if g s* G(k, m) and if A = {a"};f=ö is a strictly increasing sequence of integers with bounded gaps an -an_} «s m, 1 < n < g -1, then A contains a /r-term arithmetic progression. The number G(k, m) does exist [5] . The existence of G(k, m) is an easy consequence of Van der Waerden's theorem [3, 7] . Proof. Let / = rxR0 [x] . Clearly / is a right ideal of Ra [x] . To prove that / is locally nilpotent, it suffices to prove that the subring S generated by T= [rslx'\ rs2x'1,...,rsnx'"} is nilpotent for all s¡ E R, i} ^ 1. Let m = max(/,, i2,... ,in) and k be the a-nilpotency index of r. Let / = G(k, m). We claim that S1 = 0. For this, it suffices to prove that the product of any / monomials, each of the type given in T, is zero. Any typical such product P is given by P={rs,x^)(rsl2x';)---(rs,x^l)
Thus, it follows that P = 0, since the set contains £ numbers in arithmetic progression, and k is the a-nilpotency index of r.
Here we raise a question: Let R be a commutative ring. Is J (Ra[x] ) nonzero if and only if £ (Ra[x] ) is nonzero? If J (Ra[x] ) is nonzero then R has a nonzero a-nil ideal, say /, and hence Theorem 3.1 settles this question in the affirmative, in the case when / contains a a-nilpotent element of bounded index.
Example 3.2. Let K be an infinite field and S be a polynomial ring over K in the commuting indeterminates x¡ indexed by the set of integers Z. Let a be a map from S to S such that a(xi) = xi+] and o(k) -k for all k E K.
Then a is an automorphism of S. Consider the ideal I oí S generated by the set T= {xkxk+axk + 2a: k, a E Z and a ¥=0}. Since a permutes the elements of T, a(I) = /. Let R = S/I. Also, a induces an automorphism of R and we denote this automorphism again by a. We can think of R as a ¿c-linear span of the monomials x\xx'i ■ ■ ■ x\hk : no three elements of /,, i2.ik 1 are in arithmetic progression with usual addition, and we multiply them by using the rule xkxk+axk+2a -0 for all k, a E Z with a ¥= 0. 
